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The paper presents analytical solutions for the equal-rate mechanochemical wear of an ideal elastic–plas-
tic thick-walled cylindrical tube subjected to any combination of internal and external pressure. The rates
of corrosion at the inner and outer surfaces are supposed to be proportional to the equivalent tensile
stress at the surface involved when it exceeds a given threshold. Furthermore, the corrosion rate can
decay exponentially with time. The obtained solutions allow to assess the time of the initial yielding
at the bore of the tube and the time of fully plastic yielding. Calculations showed that the time of plas-
tic-zone propagation throughout the tube wall can be much greater than the length of the pure elastic
stage. The proposed analytical solutions are to be used for design purposes and as benchmark solutions
for numerical analysis.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Most structures are exploited by being subjected to both
mechanical loads and operating environments. This often causes
the process of so-called mechanochemical wear, which is more
intensive than the simple superposition of damages induced by
mechanical stresses and electrochemical corrosion taken sepa-
rately (Anderko et al., 2001; Gutman, 1994; Pavlov et al., 1985;
Rusanov, 2007, etc.). This work is concerned with uniform corro-
sion, which is the most common form of corrosion produced by
most direct chemical attacks (NASA Corrosion Technology Labora-
tory, 2013). General mechanochemical corrosion often takes place
in pipelines (Bergman et al., 2006; Dolinskii, 1967; Gutman et al.,
1984; Gutman et al., 2000; Naumova and Ovchinnikov, 2000;
Ovchinnikov and Pochtman, 1992; Sun and Nesic, 2004). Several
forms of corrosion can also occur on the same piece of material
(Gutman, 1994; Kim, 2000). But under oxide ﬁlm free or formation
of fully protective ﬁlms, only uniform corrosion often takes place
(Sun and Nesic, 2004). Corrosivity depends on many factors.
According to experimental results by e.g. Krivoruchko and Pocht-
man (1989), Naumova and Ovchinnikov (2000), Pavlov et al.
(1985) and Pavlov et al. (1987), the rate of general corrosion often
is linear with stress if stress increases beyond a given threshold.
Similar experimental data are also demonstrated in Gutman
(1994, Fig. 4). All the related coefﬁcients depend on properties of
the ‘‘material–medium’’ system. The mechanochemical effect of
the strain sign (see Rusanov, 2007) can be taken into considerationby using different observable constants in the relationships for cor-
rosion rates. Furthermore, the corrosion rate is supposed to follow
exponential decay if a rust layer formed in environment solution
acts as a factor for corrosion resistance (Kim, 2000; Pavlov et al.,
1987). Other possible factors contributing to a reduction in corro-
sion rate with time include a shift in solution pH, dissolved metal,
repassivation.
Usually, structural members are designed to have supplemen-
tary thickness as a corrosion allowance that can increase to a
considerable amount of additional metal. These calculations are
not wholly adequate and can lead to a substantial cost increase.
There is a great necessity for a more accurate prediction of material
loss and rational estimating of the lifetime of structure members
under mechanochemical corrosion conditions. The theoretical
studies in this area have been conducted by numerous authors.
Comprehensive reviews of early models and calculations for struc-
tures taking into account uniform corrosive wear have been done
by e.g. Naumova and Ovchinnikov (2000) and Ovchinnikov and
Pochtman (1992). In the majority of cases, the calculation prob-
lems of mechanochemical corrosion have been studied by numer-
ical methods. There are only few works where analytical solutions
have been found. Elegant closed-formed formulas have been pre-
sented in Bergman et al. (2006) and Gutman et al. (1984) where
the lifetime of a loaded pipe was assessed under the assumption
of the exponential dependence of the rate of corrosion on the aver-
age normal stress. Quadratic and cubic relationships have been
considered between the corrosion rate and stress by Elishakoff
et al. (2012) and Rusanov (2007). A number of researchers have
used the linear relation between the corrosion rate and an equiva-
lent stress (etc. Dolinskii, 1967; Elishakoff et al., 2012; Gutman
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innikov, 2000; Pronina, 2010; Pronina, 2011). Most of such works
are devoted to thin-walled pipes (etc. Bergman et al., 2006; Dolin-
skii, 1967; Gutman et al., 2000). Closed-form expressions have
been obtained for the problems when corrosion rates depend on
only one parameter changing with time. In such articles (Pronina,
2010; Pronina, 2011) more complicated problems of the mechano-
chemical corrosion of an elastic thick-walled tube have been
solved analytically. These results and the solutions proposed in this
paper do not allow for buckling. The classical solution for elastic
buckling and plastic yielding of a linear elastic, perfectly plastic
cylindrical tube subjected to hydrostatic pressure has been given
in Timoshenko and Gere (1961), and later some interesting results
were presented in Paquette and Kyriakides (2006), Van Den Abeele
et al. (2010) and Vasilikis and Karamanos (2012).
This paper presents analytical solutions for the problems of the
general mechanochemical corrosion of an ideal elastic–plastic
thick-walled cylinder under pressure. The linear relationships are
used between the corrosion rate and the von Mises stress (when
it exceeds a given threshold) with taking into account the inhibi-
tion of corrosion with time. In Section 3, we derive the closed-form
solutions for the tube corrosion during the elastic stage in the cases
when stress intensity is less or greater than the threshold value. In
Section 4, we analyze the behavior of corroded tubes during the
partially plastic stage for both one-sided and double-sided mecha-
nochemical wear. The time of plastic-zone propagation through
the tube is determined there. In Section 5, the special functions
are introduced for the demonstrable assessment of the time of ini-
tial yielding and fully plastic yielding of the vessel. Some examples
are given showing the effect of the problem parameters on the
tube’s lifetime. All the analytical solutions are to be used for design
purposes and as benchmark solutions for numerical analysis.2. Problem formulation
Consider a concentric thick-walled cylinder, with inner radius r
and outer radius R changing with time t and loaded with internal
pressure pr and external pressure pR of corrosive environments.
The article covers the following cases: ﬁrst, closed cylindrical
vessel (both compressible and incompressible); and second, an
incompressible tube subjected to the plane-strain condition char-
acterized by vanishing axial strain. The action of the ends of the
cylinder is not taken into account. Change of the tube’s thickness
is assumed to be quasi-static and uniform throughout the entire
length. The inner and outer tube radii at the initial time t ¼ 0 are
denoted by r0 and R0, respectively. Since t ¼ 0, the pipe is subjected
to general corrosion interpreted as uniform dissolution. The corro-
sion rates at the internal and external boundaries are described
correspondingly by the expressions (Dolinskii, 1967; Naumova
and Ovchinnikov, 2000; Ovchinnikov and Pochtman, 1992; Pavlov
et al., 1987):
v r ¼ drdt ¼ ½ar þmrriðrÞ expðbtÞ at riðrÞP r
th
r ; ð1Þ
v r ¼ v0r expðbtÞ at riðrÞ < rthr ; ð2Þ
vR ¼  dRdt ¼ ½aR þmRriðRÞ expðbtÞ at riðRÞP r
th
R ; ð3Þ
vR ¼ v0R expðbtÞ at riðRÞ < rthR : ð4Þ
Here, mr ;mR and b are observable quantities; ar ¼ v0r mrrthr ;
and aR ¼ v0R mRrthR ; rthr and rthR are the threshold stresses; v0r
and v0R are the initial corrosion rates at riðrÞ < rthr and
riðRÞ < rthR , respectively;ri ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr1  r2Þ2 þ ðr2  r3Þ2 þ ðr3  r1Þ2
q
=
ﬃﬃﬃ
2
p
ð5Þ
is the equivalent tensile stress, where r1;r2, and r3 are principal
stresses. In the general case, the constants ar; aR;mr , and mR are
different for compression and tension despite the fact that ri > 0
(Pavlov et al., 1987; Rusanov, 2007). The effects of the strain sign,
material and environmental chemistry are lumped into the above
corrosion kinetics constants and are not discussed in the present
study. If the decay constants b are different for internal and external
corrosion, the problem can only be solved numerically. Since we fo-
cus our efforts on analytic transformations, we do not consider
these situations.
The cylinder material is modeled as a linear elastic, perfectly
plastic material with Young’s modulus E, Poisson’s ratio m, and
the yield stress ry. The condition of yielding for an ideally plastic
substance is expressed by the von Mises–Hencky energy criterion
ri ¼ ry.
It is necessary to trace the equivalent stress ri with time t and
to estimate the tube’s lifetime without an allowance for buckling.
3. Behavior of corroded tube in pure elastic stage
Let the tube under pressure be at ﬁrst elastic, i.e., the von Mises
stress ri throughout the body is below the yield stress at t ¼ 0.
With reference to the cylindrical coordinates q; h; z, assumed to
make the z axis coincide with the tube axis, the stress-components
at this stage are expressed by the G. Lame’s formulas
rhhðqÞ ¼ prr
2  pRR2
R2  r2 þ
pr  pR
R2  r2
r2R2
q2
; ð6Þ
rqqðqÞ ¼ prr
2  pRR2
R2  r2 
pr  pR
R2  r2
r2R2
q2
;
rzzðqÞ ¼ prr
2  pRR2
R2  r2 ¼
rqq þ rhh
2
; ð7Þ
r 6 q 6 R; 0 6 h < 2p:
Plane-strain condition here investigated exists both in a closed
tube (at any m) and in a long cylinder made of an incompressible
elastic material ðm ¼ 0:5Þ, at a sufﬁcient distance from the ends.
From the axial symmetry of the tube, it follows that, at any point
the radial, tangential, and longitudinal directions, are principal
axes of stresses. Substituting the above expressions for the princi-
pal stresses r1;r2;r3 into Eq. (5), the equivalent tensile stress at
the inner and outer surfaces can be found as
riðrÞ ¼
ﬃﬃﬃ
3
p
Dpg2= g2  1 ; ð8Þ
riðRÞ ¼
ﬃﬃﬃ
3
p
Dp= g2  1 ; ð9Þ
where Dp ¼ jpr  pRj and
g ¼ R=r: ð10Þ
From Eq. (8) ratio g is expressed as
g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
riðrÞ
riðrÞ 
ﬃﬃﬃ
3
p
Dp
s
: ð11Þ
All Eqs. (6)–(11) are valid until the von Mises stress reaches a
value at which the metal in some region of the tube becomes plas-
tic. It is evident that the von Mises stress is at maximum at the in-
ner surface: riðrÞ ¼max
q
riðqÞ. Hence, yielding begins at the bore of
the tube, so we must follow riðrÞ to determine the time of the end
of pure elastic stage.
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If fr ¼ 0; pR ¼ pg or fr – 0; pr ¼ pR ¼ pg, the stress state in a tube
is homogeneous
rhh  rqq  rzz  p; ri ¼ 0
at any time t and irrespective of corrosion. In these cases, the equiv-
alent stress ri equals zero and never reaches the yield point up to
complete dissolution when h ¼ R r ¼ 0. Integrating Eqs. (2) and
(4) with taking into account initial conditions rð0Þ ¼ r0 and
Rð0Þ ¼ R0 gives
r ¼ r0 þ v0r 1 expðbtÞ½ =b at b– 0; ð12Þ
r ¼ r0 þ v0r t at b ¼ 0; ð13Þ
R ¼ R0  v0R½1 expðbtÞ=b at b– 0; ð14Þ
R ¼ R0  v0R t at b ¼ 0: ð15Þ
The tube thickness h ¼ R r at any time is then
h ¼ h0  v0R þ v0r
  ½1 expðbtÞ=b at b – 0; ð16Þ
h ¼ h0  v0R þ v0r
 
t at b ¼ 0; ð17Þ
where h0 ¼ R0  r0 is the initial thickness of the tube.
After that the tube’s lifetime can be determined. For the tube
with initial thickness h0 < ðv0R þ v0r Þ=b, the lifetime deﬁned as the
time to complete dissolution is
td ¼ 1
b
ln 1 bh0
v0R þ v0r
 
at b– 0; ð18Þ
td ¼ h0= v0R þ v0r
 
at b ¼ 0: ð19Þ
If h0 > ðv0R þ v0r Þ=b, then the tube is never dissolved completely
(td ¼ 1) due to inhibition of corrosion and
h! h0  v0R þ v0r
 
=b as t !1:3.2. Corrosive wear independent of stresses
Even through pr – pR, in neutral and alkalescent environments
or when the equivalent stress is less than the given threshold va-
lue, stress does not affect corrosion rate. In such cases the stress-
components and the von Mises stress at any instant are deter-
mined by Eqs. (6)–(9) with given laws of change for the radii rðtÞ
and RðtÞ (e.g., Eqs. (12)–(15)). As an example, for the corrosion
rates given by Eqs. (2) and (4) at b– 0, the maximum equivalent
stress is
riðrÞ ¼
ﬃﬃﬃ
3
p
Dp bR0  v0R½1 expðbtÞ
 2
bR0  v0R½1 expðbtÞ
 2  br0 þ v0r ½1 expðbtÞ 2 :
This expression is obtained by substituting Eqs. (12) and (14)
into Eq. (8). The tube thickness at any time is computed by Eqs.
(16) or (17).
The time t when the stress riðrÞ reaches any limiting point r
can then be found. The corresponding value g ¼ gðtÞ is deﬁned by
Eq. (11) with r for riðrÞ. Substituting Eqs. (12) and (14) (if b– 0)
or (13) and (15) (if b ¼ 0) into Eq. (10) and equating the relation-
ship thus obtained to g, the expression for the time t can be writ-
ten as
t ¼ 1
b
ln 1 b R0  g
r0
v0R þ gv0r
 
at b– 0; ð20Þt ¼ R0  gr0ð Þ= v0R þ gv0r
 
at b ¼ 0: ð21Þ
It should be noted that, for b – 0, value r may be reached if and
only if
g1 ¼ bR0  v0R
 
= br0 þ v0r
 
< g: ð22Þ
If g1 > g, then the ratio g! g1 as t !1 due to corrosion
inhibition, and riðrÞ never reaches r, i.e., t ¼ 1.
For r ¼ rthr (if rthr < rthR þ
ﬃﬃﬃ
3
p
Dp < ry), the time t ¼ tth corre-
sponds to the end of pure corrosive wear and to the beginning of
mechanochemical wear when corrosion at the inner surface is af-
fected by mechanical stress.
In neutral environments (or if ry < rthr ), Eqs. (20), (21) for
g ¼ ge ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ry= ry 
ﬃﬃﬃ
3
p
Dp
	 
r
ð23Þ
correspond to the end of perfectly elastic stage (t ¼ te) when the
metal at the bore becomes plastic.
3.3. Mechanochemical wear
Now consider rather complicated situations when ri – 0 and
the conditions (1) and (3) hold true. If the corrosion rates drdt ;
dR
dt de-
pend respectively on the stresses riðrÞ and riðRÞ, and each of them,
in its turn, depends on both the variable tube’s radii r and R, it is
impossible to obtain simple explicit functions rðtÞ and RðtÞ, and
thus the expressions for riðrÞ or riðRÞ. Let us eliminate the
variables r;R;g, and riðRÞ from the system of Eqs. (1), (3), a nd
(8)–(10) and attempt to derive a relationship between the maxi-
mum equivalent tensile stress riðrÞ and time t.
Noting that riðRÞ ¼ riðrÞ 
ﬃﬃﬃ
3
p
Dp [see Eqs. (8), (9)], it is conve-
nient to rewrite Eq. (3) in the form
dR
dt
¼ ½AR þmRriðrÞ expðbtÞ; AR ¼ aR 
ﬃﬃﬃ
3
p
DpmR: ð24Þ
Expressing riðrÞ from Eqs. (1) and (24), and equating then the
obtained expressions to each other, following relationship can be
derived
1
mr
dr
dt
expðbtÞ  ar
 
¼  1
mR
dR
dt
expðbtÞ þ AR
 
:
Integrating this equation with taking into account initial condi-
tions rð0Þ ¼ r0 and Rð0Þ ¼ R0 and denotation (10) yields
r ¼ mRr0 þmrR0ð Þbþ mRar mrARð Þ½1 expðbtÞ
gmr þmRð Þb : ð25Þ
Differentiating equation (8) with respect to t and following
transformation by the use of Eqs. (1), (11), (24), and (25) gives
the ordinary differential equation for changing ri ¼ riðrÞ in the
form
dri
dt
¼
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ri ri 
ﬃﬃﬃ
3
p
Dp
	 
r
mr
ﬃﬃﬃﬃﬃ
ri
p þmR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ri 
ﬃﬃﬃ
3
p
Dp
q 
ﬃﬃﬃ
3
p
Dp expðbtÞ
 b ½ar þmrri
ﬃﬃﬃﬃﬃ
ri
p þ ½AR þmRri
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ri 
ﬃﬃﬃ
3
p
Dp
q
mRr0 þmrR0ð Þbþ mRar mrARð Þ½1 expðbtÞ : ð26Þ
The solution of this equation can be obtained by separating
variables and integrating. The initial conditions to be satisﬁed at
t ¼ 0 are
r0i ¼ riðrÞ

t¼0 ¼
ﬃﬃﬃ
3
p
Dpg20= g
2
0  1
 
; g0 ¼ R0=r0: ð27Þ
Consequently, the integral of Eq. (26), satisfying the condition
(27), for b– 0 is
Fig. 1. Partially plastic tube.
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b
ln 1bmRr0þmrR0
mRarmrAR exp ðmRarmrARÞJðriÞ½ 1ð Þ
 
ð28Þ
and for b ¼ 0 is
t ¼ mRr0 þmrR0
mRar mrAR exp ðmRar mrARÞ JðriÞ½   1ð Þ;
where
JðriÞ ¼
ﬃﬃﬃ
3
p
Dp
2
Z ri
r0
i
1
ðar þmrrÞ
ﬃﬃﬃ
r
p þ AR þmRrð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r
ﬃﬃﬃ
3
p
Dp
q
 dr
mr
ﬃﬃﬃ
r
p þmR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r
ﬃﬃﬃ
3
p
Dp
q  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r ðr
ﬃﬃﬃ
3
p
DpÞ
q : ð29Þ
The above integral can be taken analytically, but its expression
is rather cumbersome so it is not to be represented here. It can be
computed numerically with an arbitrarily small error.
For one-sided corrosion, the analytical solution can be simpli-
ﬁed. For example, atmR ¼ 0 and aR ¼ 0; (internal corrosion), the re-
sult may be written in the form
t ¼  lnf1 bJðriÞg=b at b– 0; ð30Þ
t ¼ JðriÞ at b ¼ 0; ð31Þ
where
JðriÞ ¼ R0ar
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ri 
ﬃﬃﬃ
3
p
Dp
ri
s
 r0
ar
þ mr
ﬃﬃﬃ
3
p
DpR0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a3r ðar þmr
ﬃﬃﬃ
3
p
Dp
q
Þ
 ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r ðar þmr
ﬃﬃﬃ
3
p
DpÞ
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ar ðr
ﬃﬃﬃ
3
p
DpÞ
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ar þmrr
p

ri
r0
i
: ð32Þ
For external corrosion, at mr ¼ 0 and ar ¼ 0, the solution is of
the form (30) or (31), where
JðriÞ ¼ R0aR 
r0
aR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ri
ri 
ﬃﬃﬃ
3
p
Dp
s
þ mR
ﬃﬃﬃ
3
p
Dpr0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a3R aR mR
ﬃﬃﬃ
3
p
Dp
	 
r
 ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
raR
p 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aR mR
ﬃﬃﬃ
3
p
Dp
	 

ðr
ﬃﬃﬃ
3
p
DpÞ
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aR þmR ðr
ﬃﬃﬃ
3
p
DpÞ
q

ri
r0
i
: ð33Þ
The solutions of the basic differential equation give us the t-to-
riðrÞ corresponding. Using Eq. (11), we can then calculate the ratio
g at any time t. When b ¼ 0, the function ri increases with time
without bound. If b > 0, this function tends to a ﬁnite limit, r1,
as t !1 because of corrosion inhibition. Therefore, for the rela-
tively large decay constant b, dissolution almost ceases and any
critical value r that r > r1 is never reached. Thus, the following
remark can be made.
Remark 1. If b > 0, to compute the time t at which riðrÞ ¼ r
for any r, we must ﬁrst examine if the expression under the
logarithm in Eq. (28) or (30) is positive. If it is true, then the time
t can be computed by these formulas. If the mentioned
expression is less than zero, then r will never be reached and
one should take t ¼ 1. If the expression under the logarithm in
Eq. (28) or (30) is equal to zero, then riðrÞ ! r as t !1.
Therefore, t ¼ 1 only from the mathematical point of view, and
in practice the time t is to be determined depending on
adequate accuracy.As noted before, plastic ﬂow begins at the inner face of the tube.
Let te be the time of the end of elastic stage when riðrÞ reaches the
yield stress ry (if it does), i.e.,
riðrÞ ¼ ry at t P te:
Let re and Re be the inner and the outer radii corresponding to te,
so that
rðteÞ ¼ re; RðteÞ ¼ Re; ð34ÞriðqÞ < ry for re < q 6 Re at t ¼ te
and ge ¼ Re=re; he ¼ Re  re. In other terms, te is deﬁned by the solu-
tion in one of the forms (28)–(31), as the situation requires, with ry
for ri, or te ¼ 1 (see Remark 1). Ratio ge can be calculated by Eq.
(23). Then, re is obtained by Eq. (25) for t ¼ te and g ¼ ge, and ﬁnal-
ly, Re ¼ gere.
In the case of brittle fracture the lifetime of a tube can be de-
ﬁned as the time at which the equivalent stress at some point
along the tube reaches the ultimate stress, such as when
riðrÞ ¼ rs, where rs is the brittle strength. The time to rupture is
then determined by one of the solutions (28)–(31) with rs for ri.
For an elastic-perfectly plastic vessel, the time at which the
equivalent stress at the inner surface reaches the yield point does
not correspond to the breakdown. This is explained by the fact that
the plastic material is enclosed within the elastic material, which
prevents unrestricted ﬂow. Therefore, durability is to be deter-
mined with taking into consideration the period of the plastic-zone
propagation throughout the tube wall.4. Behavior of corroded tube in partially plastic stage – lifetime
assessment
As the tube thickness decreases below he, a zone of yielding
moves outward from the bore through the tube. According to Mac-
Gregor et al. (1948, p. 136), there is a cylindrical bounding surface
which divides the inner and plastic material from the outer and
still elastic material. In the material already yielded the stress-
components change their values continuously. For strains in both
the elastic and partially plastic tube, the deformations are assumed
to be negligible with respect to the dimensions of a deforming ele-
ment. Let qy ¼ qyðtÞ denote the instantaneous value of the radius
of the plastic front (Fig. 1). Let also the pressure of the elastic part
on the plastic part be denoted by q ¼ rqqðqyÞ.
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To investigate the progress of the plastic-elastic boundary from
the increasing inner face toward the decreasing outer face of the
tube in the process of corrosion, consider the state of stress for
instantaneous values of r;R;qy : r < qy < R, as it was performed
by Ilyushin (1948); Nadai (1950), and others.
Conditions throughout the inner plastic region ðr 6 q 6 qyÞ are
governed by the von Mises–Hencky yield condition ri ¼ ry. This
equation can, by means of Eq. (5) and (6)–(7), be reduced to
jrhh  rqqj ¼ 2ry=
ﬃﬃﬃ
3
p
:
Substituting the above relationship into the equation of equilib-
rium of an element of the tube
drqq
dq
þ rqq  rhh
q
¼ 0;
one can obtain differential equation
q
drqq
dq

 ¼ 2ﬃﬃﬃ3p ry:
The solution of this equation is
jrqqj ¼ 2ry lnq=
ﬃﬃﬃ
3
p
þ C; ð35Þ
where C is the integration constant. The boundary conditions for the
plastic-zone are
rqqðrÞ ¼ pr ; rqqðqyÞ ¼ q:
Entering with these values into Eq. (35), one ﬁnds that the fol-
lowing equation holds at any t
jq pr j ¼ 2ry lnðqy=rÞ=
ﬃﬃﬃ
3
p
: ð36Þ
For the outer elastic shell ðqy 6 q 6 RÞ, the expressions for the
stresses are obtained from Eqs. (6)–(9) by putting r ¼ qy; pr ¼ q,
and Dp ¼ jq pRj. In particular, the expression for the von Mises
stress (8) can, recalling that riðqyÞ ¼ ry, be rewritten in the form
jq pRj ¼
ryﬃﬃﬃ
3
p ðR=qyÞ
2  1
ðR=qyÞ2
: ð37Þ
The addition of Eqs. (36) and (37) gives
jpr  pRj ¼ Dp ¼
ryﬃﬃﬃ
3
p 1 q
2
y
R2
þ 2 lnqy
r
 !
: ð38Þ
The plastic front continues outward until it coincides with the
moving outer surface. Let tf be the time of the end of the partially
plastic stage, i.e.,
qy ¼ R at t P tf
and let the ratio g corresponding to tf be denoted by gf . Using R for
qy, Eq. (38) becomes
Dp ¼ 2ry lngf =
ﬃﬃﬃ
3
p
: ð39Þ
Therefore, full plasticity is reached when
gðtf Þ ¼ gf ¼ exp
ﬃﬃﬃ
3
p
Dp=½2ry
	 

: ð40Þ
Several solutions have been published for the partially plastic
thick-walled tube under internal pressure. Eq. (38) and (39) for
pR ¼ 0 agree fairly well with the formulas of Ilyushin (1948, p.
151), Nadai (1950, chap. 32) and Hoffman and Sachs (1953, chap.
8). The theory for the cylinders acted upon by any combination
of internal pressure, external pressure, and end load when thematerial follows an arbitrary stress–strain low has been presented
in MacGregor et al. (1948). The system of equations derived there
can only be solved numerically.
4.2. Double-sided mechanochemical wear
Since the moment t ¼ te; riðrÞ ¼ ry and the corrosion rate vr is
not accelerated by stress increase
v r ¼ vy expðbtÞ; ð41Þ
while strain remains small (until fully plastic yielding begins). Here,
either vy ¼ ar þmrry or vy is equal to another constant determined
experimentally (if corrosion rate jumps as ry is reached).
The integral of Eq. (41), satisfying the ﬁrst condition (34) is
r ¼ re þ vy expðbteÞ  expðbtÞ
 
=b at b– 0; ð42Þ
r ¼ re þ vy ½t  te at b ¼ 0: ð43Þ
These equations hold true for te 6 t 6 tf .
Consider now the elastic-zone of the tube qy 6 q 6 R. As it was
mentioned in Section 4.1, the expressions for the equivalent stress
are obtained from Eqs. (8) and (9) by putting r ¼ qy and
Dp ¼ jq pRj. Comparing formulas (8) and (9) for r ¼ qy, with tak-
ing riðqyÞ ¼ ry into account, one can ﬁnd
riðRÞ ¼ riðqyÞq2y=R2 ¼ ryq2y=R2: ð44Þ
The rate of corrosion at the outer surface (q ¼ R) is deﬁned by
Eq. (3). Substituting Eq. (44) into Eq. (3) gives for t P te
dR
dt
¼  aR þmRry
q2y
R2
" #
expðbtÞ: ð45Þ
The radius qy is to be determined from Eq. (38) with (42) for r:
ln
q2y
re þ vy expðbteÞ  expðbtÞ
 
=b
 2  q
2
y
R2
¼
ﬃﬃﬃ
3
p
Dp
ry
 1; ð46Þ
or at b ¼ 0, with (43) for r:
ln
q2y
re þ vy ½t  te
 2  q
2
y
R2
¼
ﬃﬃﬃ
3
p
Dp
ry
 1; ð47Þ
where re is deﬁned by Eq. (34). For any t > te, the radius qy can be
found by a trial-and-error procedure.
Thus, for lifetime assessment of the ideal elastic–plastic tube
under pressure it is necessary to solve the simultaneous Eqs. (45)
and (46) [or (45) and (47)] with ‘‘initial’’ condition (34). Lifetime
is then deﬁned as the time tf at which qy ¼ R and unrestricted plas-
tic ﬂow begins. Using (10) and (42) or (43), complete yielding cri-
terion (40) can be written in the form
Rðtf Þ ¼ exp
ﬃﬃﬃ
3
p
Dp
2ry
 !
re þ vy
b
expðbteÞ  expðbtf Þ
h i	 

; ð48Þ
Rðtf Þ ¼ exp
ﬃﬃﬃ
3
p
Dp
2ry
 !
re þ vy ½tf  te
 
at b ¼ 0: ð49Þ
The ﬁnal time t ¼ tf satisfying the required equation is the lifetime
of the tube in the sense involved. If there is no solution of the equa-
tion for b– 0, then tf ¼ 1 because of corrosion inhibition so that
g! g1 > gf as t !1.
In the general case, the problem is to be solved numerically. For
some situations, as observed in Section 4.3, analytical solutions can
be derived.
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If corrosion of the outer surface does not depend on stress, then
the service time of the tube can be determined analytically. In this
case, the radius RðtÞ is determined by Eq. (14) or (15). Substituting
Eqs. (42) and (14) into (10) for the elastic–plastic stage one can
obtain
g ¼ bR0  v
0
R½1 expðbtÞ
bre þ vy½expðbteÞ  expðbtÞ
at b – 0: ð50Þ
Substituting Eqs. (43) and (15) into (10) gives
g ¼ R0  v
0
Rt
re þ vyðt  teÞ at b ¼ 0: ð51Þ
Equating (50) or (51) for t ¼ tf to the critical value gf ¼ gðtf Þ given
by (40), the ﬁnal time tf can be expressed in explicit form
tf ¼1
b
ln
breþvy expðbteÞ
 
exp
ﬃﬃﬃ
3
p
Dp=½2ry
	 

þv0RbR0
v0Rþvy exp
ﬃﬃﬃ
3
p
Dp=½2ry
	 
 ð52Þ
at b– 0, and
tf ¼
R0  ½re  vyte exp
ﬃﬃﬃ
3
p
Dp=½2ry
	 

v0R þ vy exp
ﬃﬃﬃ
3
p
Dp=½2ry
	 
 at b ¼ 0: ð53Þ
Here te is deﬁned by formulas (28)–(31), as the situation requires,
with ry for ri; re can be found from (25) for t ¼ te and g ¼ ge given
by Eq. (23).
Remark 2. To compute the time tf at which g ¼ gf , for b > 0, the
expression under the logarithm in Eq. (52) needs to be checked for
being positive ﬁrst. If it is true, then the time tf can be computed by
this formula. If the mentioned expression is less than zero, then gf
is never reached due to inhibition of corrosion, and tf ¼ 1 in this
case. If the expression under the logarithm in Eq. (52) is equal to
zero, then g! gf as t !1 and the lifetime is to be determined
depending on adequate accuracy.1
Π
Π
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Πy Πy Πy
Π4.4. Double-sided corrosive wear
If corrosion rates at the inner and outer surfaces are not af-
fected by mechanical stresses, then the ratio g in both the pure
elastic and partially plastic stages is determined by substituting
Eqs. (12) and (14), or (13) and (15) into Eq. (10). By equating
gðtf Þ to the value gf given by (40) and solving the equation thus
obtained, time to complete yielding tf may easily be found. More
concisely, tf is calculated by the means of Eqs. (20) or (21) for
g ¼ gf deﬁned by (40). It should be noted that Eq. (20) holds true
if gf > g1, where g1 is given by Eq. (22). If gf < g1 < ge, then
corrosion practically ﬁnishes during the plastic-elastic stage, and
tf ¼ 1.0 1 2 3 4 5 6 7
t
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Fig. 2. The estimating functions PeðtÞ and PyðtÞ.5. Visualization
For demonstrable lifetime assessment it is convenient to intro-
duce special damage functions estimating state of the tube for the
pure elastic stage and the partially plastic stage. For this purpose,
according to Kachanov (1986), scalar dimensionless functions
should be used varying from an initial value P0 < 1 to unity and
mounting to unity at the moment when the limiting state (related
to a concrete criterion) is reached. For the elastic stage it is reason-
able to use a function of the type
PeðtÞ ¼ riðrÞ=ry < 1 at t 2 ½0; te½; PeðteÞ ¼ 1:Then the equality PeðteÞ ¼ 1 corresponds to the end of the pure
elastic stage when yielding begins at the bore.
For the elastic–plastic stage the estimating function may be of
the form
PyðtÞ ¼ gf =g < 1 at t 2 ½te; tf ½; Pyðtf Þ ¼ 1;
so that Pyðtf Þ ¼ 1 when all tube elements become plastic. The
graphs of all the estimating functions are plotted on one ﬁgure.
If external pressure is greater than internal pressure, we should
investigate the competition between buckling and plastic yielding
processes and introduce special function for the stability assess-
ment. But this is out of our consideration.
As an example, Fig. 2. shows the functions PeðtÞ and PyðtÞ for
several tubes with the different initial ratios g0 ¼ R0=r0, for a num-
ber of the inhibition constant b and the constant m being equal to
zero and not being equal to zero. The time unit corresponds to the
measure of the constants m and a. It may be a second or a year, as
the situation requires. Curve behavior does not depend on it.
Remark 3. The behavior of mentioned curves is thoroughly similar
for equal dimensionless parameters g0 ¼ R0=r0, and r0=rc; Dp=
rc; btc , artc=rc , aR tc=rc; mrrc tc=rc; mRrc tc=rc , where rc;rc; tc are
arbitrary units of length, stress, and time, correspondingly.
In the above example it was assumed Dp ¼ 1ðrcÞ;ry ¼ 10ðrcÞ;
r0 ¼ 1ðrcÞ; ar ¼ 0:16ðrc=tcÞ; mr ¼ m ¼ 0:008ðrc=½tcrcÞ or mr ¼
m ¼ 0; aR ¼ 0;mR ¼ 0 for related measure units.
An increase in the corrosion inhibition constant bmay consider-
ably increase the total life tf of the tube, especially for relatively
large g0 (compare the time t
f
A for b ¼ 0:2 and the time tfB for
b ¼ 0:4 at g0 ¼ 1:5 in Fig. 2). At sufﬁciently high values of b, corro-
sion can practically ﬁnish before a critical state is reached (see the
line for b ¼ 0:6; g0 ¼ 1:5). In this case, the tube’s lifetime is con-
trolled by other factors. It is observed that the period Dt ¼ tf  te
of plastic-zone propagation through the tube also depends on the
initial data, especially the decay constant b. A simple comparison
shows that DtA ¼ tfA  teA corresponding to b ¼ 0:2 is signiﬁcantly
lower than DtB ¼ tfB  teB predicted for b ¼ 0:4, all other conditions
being equal (Fig. 2).
Fig. 3 shows the dependence of the relative time
Dt ¼ ðDt=teÞ100% on the initial size g0 ¼ R0=r0 2 ½1:12;2 and the
constant b 2 ½0;2, with other parameters given above. Contour
lines of this function are presented in Fig. 4. From these graphs,
it follows that, for every b > 0, there are two values of g0 at which
Dt tends to inﬁnity. When g0 is close to unity (g0 > 1), Dt
 ! 1
because te ! 0 if r0i ðrÞ ! ry. If r0i ðrÞ ¼ ry, then te ¼ 0 and the life-
time of the tube is determined by the progress of the plastic front
from the inner face to the outer face. The example of the curve Py
Fig. 3. Dependence of Dtð%Þ on g0 ¼ R0=r0 and b.
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Fig. 4. Contour lines of the function Dtðg0; bÞ.
Table 1
Formulas for lifetime assessment.
Problem
speciﬁcation
Time te of elastic stage Time tf of fully yielding
ri ¼ 0,
(2) and (4)
Time to dissolution (18)
and (19)
–
ri – 0,
(2) and (4)
(20) and (21) with (23) for
g
(20) and (21) with (40) for g
ri – 0,
(1), vR ¼ 0
(30)–(32) for ri ¼ ry (52) and (53) for v0R ¼ 0
ri – 0,
(1) and (4)
(28)–(29) for ri ¼ ry ,
mR ¼ 0; AR ¼ v0R
(52) and (53)
ri – 0,
vr ¼ 0, (3)
(30), (31) and (33)
for ri ¼ ry
{(45), (38) and (40)} for r ¼ r0
ri – 0,
(2) and (3)
(28)–(29) for ri ¼ ry ,
mr ¼ 0; ar ¼ v0r
{(45), (38) and (40)} with (12)
or (13) for r
ri – 0,
(1) and (3)
(28)–(29) for ri ¼ ry {(45), (46) and (48)} or {(45),
(47) and (49)}
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line near the unity at the P-axis. Another situation in which
Dt ! 1 is when corrosion rate decays intensively during the par-
tially plastic stage. For some deﬁnite range of values of b and g0,
corrosion can almost ﬁnish during this stage so that tf !1. Thus,
for some initial data, taking account of the plastic-zone propaga-
tion stage gives an essential addition to the predicted lifetime of
the tube.6. Conclusion
Analytical solutions of the problem for an ideal elastic–plastic
thick-walled tube subjected to any combination of internal and
external pressure under general mechanochemical corrosion con-
ditions have been found with taking into account possible inhibi-
tion of corrosion. Solutions of the stress kinetics equations for
the pure elastic stage (before initial yielding starts) have been ob-
tained in closed form. A solution for the partially plastic stage in
the case of external mechanochemical wear has been expressed
in simultaneous transcendental and differential equations. For
other variants of corrosive wear during this stage, closed form
solutions have been derived. The numbers of the formulas for life-
time assessment for different wear tasks are collected in Table 1. In
the case of piecewise linear functions vðriÞ, we should combine the
solutions corresponding to the different types of wear.
For demonstrable lifetime assessment, special functions have
been introduced estimating the state of the tube during the elastic
stage and the elastic–plastic stage. As examples, typical curves are
included predicting the time of the initial and fully plastic yielding.
The dependence of the service life of a tube on the initial data
has been analyzed. It has been observed that, for deﬁnite combina-
tions of parameters, the time of plastic-zone propagation through-
out the tube wall can be much greater than the length of the pure
elastic stage. This can be caused by either the shortness of the elas-
tic stage (if initial stress is close to yield stress) or the intensive
inhibition of corrosion during the partially plastic stage. Thus,
the plastic-zone progress should be taken into account for lifetime
assessment.
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